
JOURNAL OF APPLIED MECHANICS AND TECHNICAL PHYSICS 1 

A POSSIBLE ANOMALOUS WAVE TRANSFORMATION IN PLASMA 

S. S. Moiseev 
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It is a familiar fact that in the approximation of geometrical op- 
tics the normal oscillations in a weakly inhomogeneous medium are 
independent. The approximation of geometrical optics is, however, 
violated close to those points where either the wave vector k(x) be- 
comes zero (reversal point), or where the wave vectors corresponding 
to the different types of oscillation coincide (poims of intersection of 
the solutions). In the immediate neighborhood of these points separa- 
tion into normal oscillations is no longer possible, which in the case 
of "points of intersection of the solutions" leads to the possible appear- 
ance, in addition to the wave incident from infinity, of another new 
wave with different dispersive properties. 

However, cases so far considered of the %irth ~ of a new wave 
due to the passage of an incident wave with such properties have led 
to an exponentially small transformation coefficient, and also to the 
absence of reflected waves (see, for example, [1]; ibid. bibliography). 

In [2] the rules for going around points of *intersection * of the so- 
lutions were obtained for a system of two coupled oscillators, which 
also led to the appearance of the reflected solutions 

) 
where w(t) is the normal frequency of the oscillator and varies slowly 
with time. The transformation and reflection coefficients here turned 
out to be exponentially small. 

The problem of wave propagation in a medium is the exact math- 
ematical equivalent of the problem of the osciUations of two coupled 
oscillators (only instead of considering ~(t) as a slowly varying func- 
tion of time we must consider k(x) as a slowly varying function of the 
coordinate). Thus the results [2] may be transferred to the case of 
wave transformation. 

In what follows we consider the appearance of reflected waves 
when the solutions "intersect," and also the appearance of transmitted 
waves with a large transformation coefficient. 

1. We s h a l l  r e p r e s e n t  k 1 in  t h e  f o r m  

k, -- 1/~ (k~ + k.2) + r/2 (k~ - -  k2). (1 .1)  

H e r e  ks(x), k2(x ) a r e  t h e  w a v e  v e c t o r s  w h i c h  c o i n -  

c i d e  a t  s o m e  po in t  in  t he  c o m p l e x  x - p l a n e .  

It i s  c l e a r  t h a t  i f  the  e x p r e s s i o n  k 1 - k 2 i s  m a n y  - 

v a l u e d  in  t he  n e i g h b o r h o o d  of  p o i n t s  w h e r e  t h e  s o l u -  

t i o n s  " i n t e r s e c t , "  t h e n  i t  i s  p o s s i b l e  f o r  a w a v e  to a p -  

p e a r ,  o n l y  w i t h  d i f f e r e n t  d i s p e r s i o n  p r o p e r t i e s  k i - -  

k 2 ( s i n c e  on ly  t h e  s i g n  o f  t h e  d i f f e r e n c e  k 1 - k 2 c a n  

c h a n g e ) .  

Fig. I 

H o w e v e r ,  i f  k I + k 2 i s  a l s o  a m u l t i - v a l u e d  func t i on ,  

t h e n  the  t r a n s i t i o n  k I ~ - k l ,  f o r  e x a m p l e ,  i s  p o s s i b l e ;  

t h i s  c o r r e s p o n d s  to  t he  a p p e a r a n c e  o f  r e f l e c t e d  w a v e s .  
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It should  be  s t r e s s e d  at  t h i s  po in t  t h a t  f o r  the  a p p e a r -  

a n c e  of  r e f l e c t e d  w a v e s  it i s  a n e c e s s a r y ,  but  not  s u f -  

f i c i e n t  c o n d i t i o n  tha t  k 1 - k 2, k 1 + k 2 shou ld  be m u l t i -  
va lued ,  s i n c e  the  p a t t e r n  a c c o r d i n g  to  w h i c h  the  l e v e l  

l i n e s  f o r  

I (kl-  dx, f (kl.  dx 

a r e  d i s p o s e d  r e l a t i v e  to t h e  r e a l  ax i s  i s  a l s o  of  i r a -  

p o r t a n c e .  

F i g .  2 

At l e a s t  t h e r e  a p p e a r  s p e c i f i c a l l y  new c o n d i t i o n s  

f o r  go ing  a r o u n d  s i n g u l a r  p o i n t s  c o m p a r e d  w i t h  a s e c -  

o n d - o r d e r  d i f f e r e n t i a l  e q u a t i o n ,  s p e c i f i c a l l y  in  t he  

c a s e  w h e r e  k s - k 2 and k s + k 2 b e c o m e  m u l t i - v a l u e d  

s i m u l t a n e o u s l y  (as i s  c l e a r  f r o m  (1 .1) ,  t h e  d i f f e r e n t  

c o m p o n e n t s  f r o m  w h i c h  ks, f o r  e x a m p l e ,  i s  c o m p o s e d ,  

h a v e  t h e i r  own s y s t e m  of  l e v e l  l i n e s ) .  

We s h a l l  h e r e  t r y  to d e t e r m i n e  the  p o s s i b i l i t y  of  

t h e  ~b i r th ,  n in  t he  r e g i o n  w h e r e  t he  s o l u t i o n s  " i n t e r -  

s e c t , "  of n e w  w a v e s  (k s ~ k2) wi th  a c o e f f i c i e n t  of t he  

o r d e r  of  u n i t y .  

I f  a l a r g e  t r a n s f o r m a t i o n  i s  to b e  a c h i e v e d ,  t h e n  

c o n d i t i o n s  m u s t  be  c r e a t e d  w h i c h  do no t  a l l o w  t h e  i n -  

c i d e n t  w a v e  to be  t r a n s m i t t e d  to  s o m e  r e g i o n  w h e r e ,  

h o w e v e r ,  t h e  s e c o n d  of  t h e  m u t u a l l y  c o u p l e d  w a v e s  

m a y  p r o p a g a t e  f r e e l y .  We no te  t h a t  in  [2], a s  a r e s u l t  

o f  the  w a y  in  w h i c h  the  p r o b l e m  w a s  p o s e d ,  t h e  c o e f -  

f i c i e n t s  o f  t h e  e q u a t i o n s  v a n i s h e d  n o w h e r e ,  and the  

c o u p l e d  o s c i l l a t i o n s  e x i s t e d  o v e r  t he  w h o l e  r e a l  a x i s .  

T h i s ,  in  i t s  t u r n ,  l ed  to  a p a t t e r n  o f  l e v e l  l i n e s  f o r  

f (kr+ k )dx, f(kl--k )d  
e x a c t l y  s i m i l a r  to t he  p a t t e r n  of  l e v e l  l i n e s  f o r  f p dx 

in  q u a n t u m  m e c h a n i c s  in  t h e  c a s e  of  r e f l e c t i o n  w h e r e  

t h e  b a r r i e r  e n e r g y  i s  e x c e e d e d  ( see  [3], h e r e  p i s  t h e  

i m p u l s e  o f  t h e  p a r t i c l e ) .  We r e c a l l  t h a t  in  t h i s  l a t t e r  

c a s e  an  e x p o n e n t i a l l y  s m a l l  r e f l e c t i o n  c o e f f i c i e n t  i s  

a l s o  o b t a i n e d .  

In w h a t  f o l l o w s ,  in  o r d e r  to be  s p e c i f i c ,  we  s h a l l  

c o n s i d e r  t he  d i f f e r e n t i a l  e q u a t i o n  

afi~IV--u2 (x) ~T"+ ur (x) ep = 0  (~=X/R) (1 .2)  

w i t h  two s m a l l  p a r a m e t e r s  ~ and B. H e r e  X i s  t h e  

w a v e l e n g t h  o f  t h e  o s c i l l a t i o n ,  and R i s  t h e  c h a r a c -  

t e r i s t i c  d i m e n s i o n  o f  t he  i r r e g u l a r i t y ;  t h e  s e c o n d  
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smal l  p a r a m e t e r  ~ is connected with the conc re t e  
physical  s i tuation;  the d i scuss ion  given h e r e  appl ies ,  
in pa r t i cu la r ,  to the c a s e  where  ~ = 1, u~ ~ 1, u 2~  

1, with the except ion of the points where  they may 
become ze ro .  

We shall  avai l  o u r s e l v e s  of the fol lowing r e p r e s e n -  
ta t ion for  (1.2): 

1 F( ,~2 f u~ \ ' / , \ ' I ,  a~ 
= - J. (1. 

We shall  inves t iga te  the behav io r  of k2,1 c lose  to 
the point where  u 2 = 0 (Fig.  1). It fol lows f rom (1.3) 
that  in the reg ion  where  x < 0 osc i l l a t ing  solut ions 
exis t  with w a v e  v e c t o r  kl; co r responding ly ,  in the 
region where  x > 0 t h e r e  a re  solut ions with wave v e c -  
t o r  k 2 (we take the o r ig in  at the point u 2 = 0). Fu r the r ,  
wr i t ing  u 2 = ux, u 1 = ul0 (in the neighborhood of the 
point u 2 = 0 the speci f ic  behav io r  of u I is i m m a t e r i a l ) ,  
we see f rom (1.3) that  not only is  k 1 - k 2 a m u l t i - v a l -  
ued function, but a lso  k~ + k 2. 

The pa t t e rn  accord ing  to which the l eve l  l ines  

f - I m + dx 

a r e  d isposed  r e l a t i ve  to the r e a l  axis  is now quite dif-  
f e ren t  f r o m  the pa t t e rn  of l eve l  l ines  for  these  ex-  
p r e s s i o n s  in the c a s e  s i m i l a r  to r e f l ec t ion  in quantum 
m e c h a n i c s  whe re  the b a r r i e r  ene rgy  is exceeded  (see 

Fig.  2; the branch  points  for  k i - k 2 and k I + k 2 a r e  
indicated by a I and a2, r e s p e c t i v e l y ) .  

We also draw at tent ion to the fact  that  fo r  c o n c r e t e  
appl ica t ions  of Eq.  (1.2) to the ques t ion  of t r a n s f o r m a -  

t ion of osc i l l a t ions  u 1 < 0 at the point where  u 2 = 0, as 
depicted in Fig.  1. To convince  o u r s e l v e s  of  this  we 
cons ide r  the s y s t e m  of two coupled o s c i l l a t o r s  

a x "  + ( o )  (t) x = v (t) y,  

y"  § o) ~ (t) y = v (t) x (1,4) 

to which the fol lowing f o u r t h - o r d e r  d i f fe ren t i a l  equa-  
t ion c o r r e s p o n d s  

the f o r m  

$Iv - -  ~+~ (uy(p" § u~0~) = 0 (~+~ = ~2/a). (1.6) 

The p r o p e r t i e s  of the solutions of (1.6) for  2,+ >> 1 
w e r e  inves t iga ted  by Laplace ts  method in [4], and for  
X+ << 1 by the phase  in tegra l  method in [5, 6] (in this 
ca se  the d is tance  between the points a 1 and a 2 is l a rge  
compared  with the wavelength  of the i n t e r s ec t i ng  so-  
lutions,  and we may go around each s ingular  point 
separa te ly ) .  

We note that  i t  fol lows f r o m  the ana lys i s  of solu-  
t ions obtained in [4, 5] that  the asympto t ic  solutions 
a r e  s i m i l a r  for  X+ >> 1 and X+ << 1. In what follows 
we shall  need only the asympto t ic  f o r m  of one of the 
solut ions obtained in [4] fo r  l a rge  y, 

= n iylmu~o '/, HI(1) (2Ulo'/,y'/2) (y < o) 

'r = V'ff~+-'lo ("1~) -'/' e-~ + 

+ niy'/,ulo-'/, H~(~) (2U~o'f,y'h) (y > o) 

= i~.+'/,!f h. (1.7) 

We see  f r o m  ( l .  7) that in the c a s e  when the f o r m  
of u 2 and u 1 is  s i m i l a r  to that  depicted in Fig .  1, the 
solut ion which has wave v e c t o r  k 1 fo r  y < 0 pas ses ,  

fo r  y > 0, into the solut ion with wave v e c t o r  k 2 (it is 
not diff icul t  to s e e  that  Hi(1) (2Ux0 ~/~ f h ) i s  exponent ia l ly  
damped for  l a rge  y > 0). 

2. We wil l  now c o n s i d e r  some c o n c r e t e  appl ica-  
t ions .  

In [7] cons ide ra t i on  was given to the ques t ion  of  
the mutual  t r a n s f o r m a t i o n  of  fas t  and slow magne to -  

sonic waves  in the c a s e  when only the e x p r e s s i o n  

(k I - k2) is  m u l t i - v a l u e d .  The equat ion fo r  t h e s e w a v e s  
obtained in [7] has  the f o r m  

(02 2 ~t 

(02ky 2 

ax ~v § (o~1 ~ § ao)~ ~) x" - - ( v  ~ --(o1%~ ~) z = 0  ( 1 . 5 )  

when the coef f i c i en t s  v a r y  s lowly.  
It is  c l e a r  that 

u~ = - (co~ ~ :/- ao)~) ,  u~ = -- (v ~ - - ~ i ~ ) ;  

% ~ 0  for u~=O. 

It has  been  pointed out above that  o sc i l l a t i ng  so lu-  

t ions with d i f fe ren t  d i s p e r s i o n p r o p e r t i e s  ex i s t  on dif -  
f e r e n t  s ides  of the point  u 2 = 0, and so a l a r g e  mutual  
wave t r a n s f o r m a t i o n  is  to be expec ted  h e r e .  To be 
f ina l ly  convinced  of  th is  we c o n s i d e r  the  coupl ing b e -  
tween the solut ion of Eq.  (1.2) on e i t h e r  s ide  of  the 

point u 2 = 0. Making the subs t i tu t ion  x = fly, we r e -  
duce (1.2) in the ne ighborhood of the point u 2 = 0 to 

Ha (2.1) vA = l z ~ "  

H e r e  S is  the ve loc i t y  of  sound, v A is the Alfv6n 
ve loc i ty ,  (p0(z) is  the dens i ty  of the m e d i u m  which is 
nonuni form along the magne t ic  f ield H 0 (I-I 0 is d i r ec t ed  
along the z axis) .  

It i s  not diff icul t  to see that  if  t h e r e  ex is t  points  z 0 
in the meditrm for  which the condi t ion 

(0 2 (0 2 

"~Y~-- v~2(z0) s s2 (2.2) 

is  fulf i l led,  then al l  the  c o n s i d e r a t i o n s  set  for th  he re ,  
and, in p a r t i c u l a r ,  f o rm u la  (1.7), a r e  appl icab le  to 
(2.1).  We note that  the ques t ion  of the anomalous  m u -  
tual  t r a n s f o r m a t i o n  of  magne tohydrodynamie  waves  
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may b e  of par t icu lar  s i g n i f i c a n c e  i n  c o n s t r u c t i n g  a 

t h e o r y  o f  h e a t i n g  o f  t h e  c h r o m o s p h e r e  [8] .  W e  s h a l l  

c o n s i d e r  t h e  q u e s t i o n  o f  t h e  c o n v e r s i o n  o f  a p l a s m a  

w a v e  to  a n  e l e c t r o m a g n e t i c  w a v e ,  w h i c h  w a s  t r e a t e d  

i n  [9] .  T h e  s y s t e m  o f  e q u a t i o n s  f o r  t h i s  c a s e  h a s  t h e  

f o l l o w i n g  f o r m  ( s e e  [1]):  

d2w de t ( :~l~'~r ~ ~ dw 

in the neighborhood of the point u 2 = 0 the system (2.3), (2.4) is 
similar m gq. ( i .  2) [the presence of the first derivative in the equa-  
tion introduces no significant variations in the rules for going around 
u~ = 0 [see [10])]. 

~ 1 ~  2 de du (2 .3)  
q -  k ~  - -  a r 2 ) w  = (t --e)(e--ale~r 2) dz dz ' 

d~uE e~r~ de duE, 

+ ko ~ (s - -  a~%D u~ = - -  at~r 2 de / dz dw k o ~ a l w  
e - -  a12~r '~ t - -  e dz 

~o % 4 n e o n  ( % . ~  c). ( 2 . 4 )  
k o = ~ - ,  ~ = - 7 - '  e = t - -  mo)~ 

H e r e  w i s  t h e  a m p l i t u d e  o f  t h e  c o m p o n e n t  o n  t h e  x 

a x i s  o f  t h e  m a g n e t i c  f i e l d  o f  n o r m a l  o s c i l l a t i o n s ,  u E 

i s  t h e  a m p l i t u d e  o f  t h e  c o m p o n e n t  o n  t h e  z a x i s  o f  t h e  

e l e c t r i c  f i e l d  o f  n o r m a l  o s c i l l a t i o n s ,  a i s  t h e  s i n e  o f  

t h e  a n g l e  o f  i n c i d e n c e  o f  t h e  p l a s m a  w a v e  o n  a p l a s m a  

l a y e r  w i t h  d e n s i t y  N v a r y i n g  i n  t h e  z d i r e c t i o n ,  k 0 i s  

t h e  w a v e  v e c t o r  o f  t h e  e l e c t r o m a g n e t i c  w a v e ,  f iT i s  a 

s m a l l  p a r a m e t e r ,  v T i s  t h e  t h e r m a l  v e l o c i t y  o f  t h e  

e l e c t r o n s ,  e i s  t h e  e l e c t r o n i c  c h a r g e ,  m i s  t h e  e l e c -  

t r o n i c  m a s s .  F o r  s i m p l i c i t y ,  w e  n e g l e c t  w a v e  a b s o r p -  

t i o n .  A s  i n  [9] ,  w e  a p p r o x i m a t e  e ( z )  b y  t h e  l i n e a r  f u n c -  

t i o n  

e (z) = - - z  g rad  e (g rade~R-1) .  ( 2 . 5 )  

If  R i s  l a r g e  e n o u g h ,  t h e n  t h e  z e r o s  o f  u2, u 1 i n  t h e  

f o u r t h - o r d e r  d i f f e r e n t i a l  e q u a t i o n  e q u i v a l e n t  t o  ( 2 . 3 )  

a n d  ( 2 . 4 )  a r e  s i t u a t e d  a t  t h e  p o i n t s  

zo = - -  2 a l ~ >  R , Z 1 = - - R  U,1 ~, Z s = - - R  (I12~ r 2 , 

r e s p e c t i v e l y ,  m~d t h e  g r a p h  o f  u2,  u 1 h a s  t h e  f o r m  d e -  

p i c t e d  i n  F i g .  3 .  

Fig. 4 

Oscillating solutions of the plasma "mode" (with wavelength k 2 
~ rd. where r d is the Debye radius of the plasma) exist in the region 
z < z o, tf this normal wave is incident from the left on the neighbor- 
hood of the point z0, then, according to (1.7), for z > z0 it passes 
completely into another normal wave with wave vector kz, which 
could be recorded by a receiver situated in the region z0z 2. tn the 
case investigated in [9], however, the escape of electromagnetic 
radiation to the exterior of the sun was considered, i . e . ,  in the di- 
rection z << z 0 (the density of the solar plasma increases in the di- 
rection z -*- =o). In this case electromagnetic radiation reflected from 
the point z z is damped in the region zlz0, and oscillates further on. 
The presence of a barrier for electromagnetic radiation results in only 
a smalI amount of it emerging from the solar piasma. 

We note, however, that a large transformation is possible between 
the ordinary and extraordinary waves. Thus it may be shown that 
anomalous transformation is possible in a rarefied plasma if  the Larmor 
frequency corresponding to the magnet ic  fieId component in the direc- 
tion of wave propagation is of the order of  the frequency of these 
waves. 

Besides being of intrinsic interest, the question of wave transfor- 
mation may be of importance in the problem of plasma stability. To 
demonstrate this we consider the following example.  Let the behavior 
of the coefficients u I and uR be similar to that depicted in Fig. 4. In 
this case one of the "coupled" waves (with wave vector kl) oscillates 
at infinity, and the other is damped. Let a localized disturbance 
("packet"), which increases with t ime and is formed by waves with 
wave vector k2, arise in the central position of the region 0102. In 
this case if  the rate at which energy escapes to infinity on account of 
the transformation into mmther type of wave exceeds the rate at which 
energy passes into the disturbance from the instability sources, then 
the instability does not develop and the plasma itself may now serve 
as a generator of oscillations which go off to infinity. 

T h e  a u t h o r  i s  g r a t e f u l  t o  R .  Z .  S a g d e e v  f o r  h i s  i n -  

t e r e s t  i n  t h e  p a p e r  a n d  f o r  v a l u a b l e  d i s c u s s i o n s .  

u~ 

Fig. 3 

Moreover, Eqs. (2.3) and (2.4) have a singularity 

at the point z z = --R~12~ 2. If 

~o n~?~,~c-~ > ~  f ,  ( 2 . 6 )  

then, in passing around the point u 2 = 0, we may omit 
taking the above-mentioned singularity into account. 

We note that condition (2.6) is also equivalent to the fact that 
there are many wavelengths of "mode" k I (the wavelength of which 
),1 ~ c/wcq) packed into the region z0z z. It is then easy to see that 
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